Advanced Calculus Midterm Exam November 18, 2006

1. (12 points) LetA = {(x,y) € R? | x€ Q}.
(a) Find A, the set of all cluster point o&. Justify your answer.

Solution: Since for anyP = (x,y) € R? and for anyr > 0, the open ball neighborhodsh(r) of
P, satisfies thaBp(r) NA\ {P} # 0, A' = R?.

(b) Find the boundard(A). Justify your answer.

Solution: Since for anyP = (x,y) € R? and for anyr > 0, the open ball neighborhodsb(r) of
P, satisfies thaBp(r) NA # 0, andBp(r) N (R?\ A) # 0, Bd(A) = R?.

(c) Find the interionnt(A). Justify your answer.

Solution: Since for anyP = (x,y) € R? and for anyr > 0, the open balll neighborhodsb(r) of
P, satisfies thaBp(r) N (R?\ A) # 0, Int(A) = 0.

2. (10 points) Le{Ua}ac.» be a collection of open subsetsi?. Show that the séf = U, /U, is open
in RP.

Solution: For anyq € U, q € U, for somea € o7. SinceU, is open, there existsta> 0, such that
g € By(r) C Ua C U which implies that) is open inRP.

3. (10 points) Show that the sAt= {(x,x)|x € R} is closed inR?. Note that the seA represents the graph
of the functionf (x) = xin R2.

[b—a|

Solution: For anyP = (a,b) ¢ A, lettingr = — o we haver > 0.

Claim: ANBp(r) =0

The claim obviously implies thak?\ A is open inR2. Hence A is closed inR2.

Proof of Claim: Observe that

Br(r) cQ={(x,y)|0< |x—a] <r;0< |x—b| <r},i.e.Qis asquare of lengtBrwith centerP.
SupposANQ # 0 and(c,c) is a point inANQ, then we have
O0<|c—al]<rand0<|c—Db|<r.

But, by using the triangle inequality, we have

Ib—al=|c—a—(c—Db)| <|c—a|l+|c—b| <r+r =2r =|b—a| which is contradiction.
Therefore ANQ = 0. SinceBp(r) C Q, we haveANBp(r) = 0.

4. (a) (10 points) LetA C RP. Show thatA = AUA', whereA' is the set of all cluster point gf.

Solution: For anyx ¢ AUA', x ¢ A, andx ¢ A'. From the definition ok ¢ A, there is an open
neighborhoodJ of x, such thatU NA =U NA\ {x} = 0 which also implies thatt N A’ = 0.
ThereforeU is an open neighborhood afsatisfyingu N (AUA') = 0, i.e. xe U c (AUA)®
and (AUA') is open orAUA' is a closed. SincA ¢ AUA,, AUA' is a closed set containiny
The definition ofA implies thatA C AUA'.

On the other hand, for ang¢ A, x ¢ A and, sincéA is closed, there is an open neighborhabdf
x such that) C (RP\ A) which implies thatl NA=0, i.e. x ¢ A". This implies thalUA C A.
Hence, we havA = AUA'.
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(b) (4 points) LetF C RP be a closed subset. By usiltg), prove thatF is closed if and only if it
contains all its cluster points.

Solution: If F is closed, sinc& C F, we haveF = F. By using part(a), we getF =F = FUF’
which implies thaF’ C F.
Conversely, iff’ C F, by part(a), we haveF = FUF’ =F. SinceF is closedF is closed.

5. (10 points) LetA ¢ RP. Show thaBd(A) = AN A, whereA® = RP\ A denotes the complementary set
of Ain RP.

Solution: By 4(a), A= AUA', andA® = A°U (A°)’, we have

ANAC

= (AUA) N (AU (A%)) = (ANAS) U (A'NA°) U (AN (AS)") U (AN (A%))
= (ANA°) U (AN (A% ) U (A'N(A%)).

Hence, a poink € AN AC¢

if and only ifx € (A'NA°) orx e (AN(A%)) orxe (A'N(A°%))

if and only if for any open neighborhoddi of x UNA# 0andU NA® £ 0
if and only if x € BA(A).

Therefore, we havANA® = Bd(A).

6. (10 points) LetX andY be non-empty sets and lét X x Y — R have bounded range IR. Prove that
supir)1(f f(xy) < il;l(f supf (X,y).
y y

Solution: For eachx € X, andy €Y, sinceir)1(f f(x,y) < f(x,y), we havesupir)lf f(x,y) <supf(x,y),

y y
for all x € X which implies thaSupir;(f f(x,y) < il;l(f supf(x,y).
y y

7. (10 points) Letk ¢ RP be a compact subset. Prove directly (without using Heine-Borel theorem) that
K is closed and bounded.

Solution: Proof of closednessFor anyx ¢ K, the set{RP\ Bx(%) | n € N} is an open covering of

K. The compactness ¢ implies that there is an € N such thak C UL RP\ By(3) = RP\ By(3)
which implies thaBX(n%) NK = 0 andK®is open oK is closed.

Proof of boundednessi et o denote the origin oRP. The set{By(n) | n € N} is an open covering of
RP, hence it is an open covering Bf. The compactness & implies that there is an € N such that
K C UnL1Bo(n) = Bo(m) which implies thaK is bounded.

8. (10 points) LetC be an open, connected subsef®¥ andW be any set satisfying th& C W C C.
Show thaW is connected.

Solution: Suppose thal/ is disconnected andl, B are two open sets separatg SinceANW # 0
andw C C=CuUC/, we haved # ANC = (ANC) U (ANC’) which implies thatANC # 0. By using
a similar argument, we ha\@N C # 0. This implies thatA, B separat€ which contradicts to tha®
being connected. Hencé/ is connected.
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9. LetCq, C, be open, connected subsetsdf Assume tha€; NC, # 0.
(a) (4 points) Is it true tha€, NC; is always connected? Why?

. . 1
Solution: No, consideiC; = {(x,y) € R? |1 < x> +y* < 4,y > —5} andCy = {(xy) € R? |

1 . .
1< x2+y2 <4 y< é}’ then bothCy, C, are open, connected subseté&?t while C1 NGy is
disconnected.

(b) (10 points) Show that; UC; is connected.

Solution: Suppose that; UC; is disconnected and, B are two open sets separati@gu Co.
Let x be a point inC; NCy, and assume thatc A. ThenANCy; # 0 and ANC, # 0. Since
C1UC, = AUB, we get eitheCy NB # 0 or C; N B # 0 which would implyA, B separate either
C;, or Cy, respectively. Either case contradicts to that H©thC, are connected. Henc€; UC,
is connected.
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